Central extensions of Steinberg Lie superalgebras of small rank 
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Abstract 

It was shown by A.V.Mikhalev and I.A.Pinchuk in [MP] that the second homology 
group H2{si{m, n, R)) of the Steinberg Lie superalgebra st(m, n, R) is trivial for m+n > 
5. In this paper, we will work out H2{5t{m, n, R)) explicitly for m + n = 3, 4. 

Introduction 

Steinberg Lie algebras stn{R) play an important role in (additive) algebraic K-theory. 
They have been studied by many people (see [L] and [GS], and the references therein). The 
point is that for any unital associative algebra R over a field the Steinberg Lie algebra 
stn{R) is the universal central extension of sln{R) with the kernel isomorphic to the first 
cyclic homology group HCi{R) except when both n and the characteristic of the field are 
small. As seen in [GS], ii n = 3,4, H2{sin{R)) is not necessarily equal to 0. 

Recently, A.V.Mikhalev and I.A.Pinchuk [MP] studied the Steinberg Lie superalgebras 
st{m,n, R) which are central extensions of Lie superalgebras sl{m,n, R). They further 
showed that when m + n > 5, st{m,n, R) is the universal central extension of sl{m,n, R) 
whose kernel is isomorphic to {HCi{R))o © (0)i, here we would like to emphasize the Z2- 
gradation of the kernel. 

In this paper, we shall work out H2{st{m, n, R)) explicitly for m + = 3, 4 without any 

assumption on char K by adopting the definition for Lie superalgebras (including char K = 2 

case) introduced by Neher [N]. It is equivalent to work on the Steinberg Lie superalgebras 

st(m, n, R) for small m + n. This completes the determination of the universal central 

extensions of the Lie superalgebras st(m, n, R) and sl{m, n, R) as well. 

^The corresponding author. 
Research of the second author was partially supported by NSERC of Canada and Chinese Academy of 
Science. 
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For any non-negative integer m, set 

1m — TTT'R + R[R, R] and Rm — R/Im- 

Our main result of this paper is the following. 

Main Theorem Let K be a unital commutative ring and R he a unital associative K- 
algebra. Assume that R has a K-basis containing the identity element. Then 

i/2(5t(2,l,i?)) = (0); 

H2{st{3,l,R)) = {0)-o®{Rl)i; 
i/2(5t(2,2,i?)) = (i?^ei?2)oe(0)i 

where R'^ is the direct sum of q copies of R^. 

It may be noteworthy to point out that H2{si{2, 1, i?)) = (0) unlike the Lie algebra case 
in which H2{st^{yV)) is not necessarily zero. 

The organization of this paper is as follows. In Section 1, we review some basic facts on 
Steinberg Lie superalgebras 5t(m, n, R). Section 2 will treat the m = 2, n = 1 case. Section 
3 and 4 will handle the m — 3,n — 1 case and the m = 2, n = 2 case respectively. Finally in 
Section 5 we make a few concluding remarks. 

§1 Basics on st{m,n,R) 

Let i^' be a unital commutative ring. The following definition was given in [N]. 
Definition A /T-superalgebra L = Lg © with product [, ] is a Lie superalgebra if for any 
homogenous x,y, z & L,w & Lq, 

[y,x] = -(-l)'i^^(^)<^^»(2')[y,a;] (SI) 
[x, [y, z]] = [[x, y],z] + (-l)de.Wde.(.)[^^ ^]] (S2) 

[w,w] = 0. (S3) 

Note that (S3) is not needed if char K ^2 and this definition works well for K of any 
characteristic. 
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Let i? be a unital associative X-algebra. We always assume that R has a X-basis 
{rA}AeA(A is an index set), which contains the identity element 1 of R, i.e. 1 e {r\}\^A- 

Q = {1, . . . ,m,m + 1, . . . ,m + n} has a partition Q = Qq b ^i; where = {1; • • • ; '"^j 
and fli = {m + 1, . . . , m + n}. We define a map a; : f2 — > Z2, such that 

{0 for i e ilo 
1 for i e Qi 

The i^'-Lie superalgebra of (m + n) x (m + n) matrices with coefficients in R is denoted 
by gl{m, n, R), such that deg{eij{a)) = a;(i) +uj{j) for a e i?, 1 < i, j < m + n. For m + n > 
3, the elementary Lie superalgebra sl{m,n,R) is the subalgebra of gl{m,n,R) generated 
by the elements ejj(a), l<i^j<'m + n. Note that sl{m,n,R) can be equivalently 
defined as sl{m,n,R) = [gl{m,n, R), gl{m,n, R)], the derived subalgebra of gl{m,n, R), 
or sl(m.n, R) = {X G gl{m,n, R)\ str(X) G [i?, 7?]}, where str(X) is the supertrace of 
X = (xij) G M„+„(i?) given by str(X) = El^i^ii - Er=+J+i a;,,- . 

Clearly, for any a,b G i?, 

[eij(a),ejfe(&)] = eife(a&) (1.1) 

if i,j,k are distinct and 

[eij{a),eki{b)]=0 (1.2) 

if j ^ 7^ 

For m + n > 3, the Steinberg Lie superalgebra 5t{m,n, R) is defined to be the Lie 
superalgebra over K generated by the homogeneous elements Xij{a), with deg(Xjj(a)) = 
u;{i) + uj{j) for any aeR, l<iy^j<m + n, subject to the relations(see [MP]): 



a I— > Xij{a) is a X-linear map, (1-3) 

[Xij{a),Xjk{b)] = Xik{ab), for distinct i,j,k, (1.4) 

[Xij{a),Xki{b)] = 0, for j^k,i^l, (1.5) 

where a,b G R, 1 < i,j,k,l < m + n. 
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Both Lie superalgebras sZ(m, n, R) and st(m, n, R) are perfect (a Lie superalgebra g over 
K is called perfect if [g, £|] — q). The Lie superalgebra epimorphism: 

(f) : st{m,n, R) ^ sllmjU, R), (1-6) 

such that (f){Xij{a)) — eij{a), is a central extension and the kernel of is isomorphic to 
HCi{R) (called HC2{R) in [MP]), which is the first cychc homology group of R. Eventually, 
HCi{R) is the even part of ker(0) and the odd part is equal to 0. So the universal central 
extension of sl{m,n, R) is also the universal central extension of si{m,n, R) denoted by 
5t(m, n, R). Our purpose is to calculate 5t(m, n, R) for any ring K and m + n > 3. 
Setting 

T,,{a,b)^[X,,{a),X^M, (1-7) 



t{a, b) = Ti^{a, b) - Tij(l, ba), (1.8) 

ior a,b E R,l < i j < m + n. Both Tjj(a, b) and t{a, b) are even elements. Then t{a, b) 
does not depend on the choices of j(see [MP]). Note that Tij{a,b) is i^-bihnear, and so is 

t(a, b). 

Lemma 1.9 For any a,b,c E R, and distinct i,j, k, we have 

T,,{a, b) = -(-l)-«+-0)T,,(6, a) (1.10) 

[rjj(a, b),Xki[c)] — for distinct i,j, k, I (1.11) 

[Tij{a, b),Xik{c)] = X,k{abc), [r,,(a, b),Xki{c)] = -Xki{cab) (1.12) 

[T,,{a,b),X,,{c)] = -(-l)-W+-0)x,,(6ac), [T,,(a, 6), X,,(c)] = (-1)^^'^+^^^^ X,^{cba) 

(1.13) 

[r,,(a, 6), X,,(c)] = X,,(a6c + (-l)'^«+'^(^)c6a) (1.14) 
[tia,b),Xu{c)] = Xu{{ab - ba)c), [t{a,b), Xa{c)] = -Xa{c{ab - ba)) (1.15) 
[t{a,b),Xjk{c)\^Qforj,k>2 (1.16) 
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Proof: By super-antisymmetry, one has: 

T,,{a,b) = -(-l)-«+'^(^)[X,,(6),X,,(a)] = -(-l)-«+-(^)r,,(6, a) 
Prom the super-Jacobi identity, we have 

[X, [y,z]] = [[X,y],z] + (-l)depW<ie.(.)[^^ [^^^]] 

which is equivalent to 

[[x, y],z] = [x, [y, z]] + (-l)des(^)<i^^(-)[[x, z],y]. 

So (1.11) is obvious, and 

[T,j{a,b),X,k{c)] = [[Xij{a),Xj,{b)],X,k{c)] = [Xij{a),[Xj,{b), X^kic)]] ^ X,k{abc) 
[T,,(a,6),X,,(c)] = [[X,j{a),Xj,{b)iX,M = (-l)(-W+-(^-))(-(^)+-W) [[X,,.(a), X,,(c)], 
= -(-l)2(-W+-W)Mfc)+-»)[[X,,(c),X,,(a)],X,,(6)] = -X,,(ca6) 

which gives (1-12). 

Replaced Tjj(a, 6) by — (— a) and exchanging i and j, we can obtain (1.13) 
from (1.12). 

For (1.14), we have 

[Tij{a,b),X,,{c)] = [T,,(a,6),[X,fc(c),Xfc,(l)]] 

= [[Tij{a,b),Xik{c)],Xkj{l)] + [Xik{c), [Tij{a,b),Xkj{l)]] 
= [X,k{abc),Xkj{l)] + (-l)'*^«+'^(^')[X,fc(c),Xfc,(6a)] 
= Xij-(a6c+ (-l)^(*)+'^(^)c6a). 

Prom (1.8) we obtain 

[t{a,b),X^,{c)] = [ry(a,6),Xn(c)] - [T^J{l,ba), X^,{c)] 
— Xii{abc) — Xii{bac) = Xii{{ab — ba)c) 

and \t{a,b),Xii{c)\ — —Xii{c{ab — ba)), which show that (1.15) holds true. 
(1.16) is easy and the proof is completed. □ 

By the above Lemma, we have 
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Lemma 1.17 Let % :— X^i<j<j<^_,_„[Xjj(i?), Then % is a subalgebra o/st(m, n, R) 

containing the center^ of si{m,n,E) with [T, C Xij{R). Moreover, 

st(m, n,R)^% ©i<i^j<m+n Xij{R). (1.18) 

As for the decomposition of st{m,n, R), we take {rx}xfz\, the fixed i^'-basis of R, then 
{Xij{r)} (r e {rx}x^\, l<i^j<m + n) can be extended to a X-basis F of 5t(m, n, R). 
In fact, the subalgebra T has a more refined structure. 
One can easily prove the following lemma (see [MP]). 

Lemma 1.19 Every element x e T can be written as 

i 2<j<m+n 

where ai,bi, Cj e R. 

The following result is known (see [MP, Theorem 2]). 

Theorem 1.20 Ifm + n>5, then (j) : 3t{m,n, R) sl{m,n, R) gives the universal central 
extension of sl{m,n, R) and the second homology group of Lie superalgebra 5t{m,n,R) is 
H2{st{m,n,R)) = 0. 

§2 Central extensions of st(2, 1, R) 

In this section we shall treat i72(st(2, 1, R)). 

Theorem 2.1 H2{st{2, 1, R)) — 0, i.e. st{2, 1, R) is centrally closed. 

Proof: Suppose that 

^ V ^ st(2, 1, R) A st(2, 1,R)^Q 

is a central extension of st(2, l,i?). We must show that there exists a Lie superalgebra 
homomorphism r] : st(2, 1, i?) — > st(2, 1, i?) so that t o rj — id. 

Using the i^-basis {rx}xeA of -R; we choose a preimage Xij{a) of Xij{a) under t, 1 < i ^ 
j < 3,a e {rA}AeA- Let fij{a,b) = [Xij{a), Xji{b)], then 

[fjfe(l, l),Xij{a)] = Xij{a) + fiij{a) 
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where ^Jiij{a) e V and A; are distinct. Replacing Xij{a) by Xij{a) + iJiij{a), then the 
elements Xij{h) still satisfy the relations (1.3). By super- Jacobi identity (S2), we have 

r,fe(l,l),[X,fe(a),Xfe,(6)]] = [[T;fe(l,l),X,fe(a)],Xfe,(6)] + [x,fe(a), [f,fe(l, 1), 

which yields 

l),X,,.(a6)] = [X,fe(a + (-l)-«+-«a),Xfe,.(6)] - (-l)-«+-(^)[X,,(a), 
= [X,fc(a),Xfc,(6)]. 

We thus have 



X,,(a6) = [X,fc(a),Xfc,(6)]. (2.2) 

For k ^ i,k ^ j, we have 

[X,,(a),X,,(6)] 
= X,,(a),[X,fc(6),Xfe,-(l)] 

'[X,,(a),X,,(6)],X,,(l)l + fx,,(6), (-l)(-W+-(^-))(-«+-W)[X,,(a),X,,(l)] 



(1) 



=0 + = 0. 



(2.3) 



Next, we show that both of [Xij{a),Xik{b)] and [Xij{a), Xkj{b)] are equal to 0. 
Since there is always one element between Xij{a) and X^i^ih) which is odd, we can assume 
that it is Xjj(a), i.e. uj{i) + uj{j) — 1 , then 

(2) 



(2.4) 



0= [T,,-(l,l),[Xi,(a),X,fe 
= "[f,,(l,l),X,,(a)],X,fe(6)J + [X,,-(a),[T;,(l,l),X,fe(6)] 
^Q + [X,^{a),X,km = [X,,(a),X,fe(6)] 

The other cases are similar. Therefore we have 

[Xij{a),Xki{h)\ = 0, for j ^ k,i ^ l,a,b E R,l < ij, k,l <3. 



(2.5) 



By our choices, we know that Xij{a) satisfy the relation (1.3)-(1.5). Since we have 
(2.2) and (2.5), by universal property of 5t(2, 1, R) there exists a (unique) Lie superalgebra 
homomorphism 

:st(2,l,i?) ^st(2, l,i?) 



such that r){Xij{a)) — Xij{a). Evidently, t or] — id which imphes that the original sequence 
splits. So st(2, 1,E) is centrally closed. □ 

Remark 2.6 This result is very different from the one of st3(i?)(See [GS]). In that case, 
H2{sts{R)) = Rl 

§3 Central extensions of st(3, 1, R) 

In this section, we shall compute the universal central extension st(3, 1,R) of 5t(3, 1,R)- 
We don't put any assumption on the characteristic of K. 

For any nonnegative integer m, let Im be the ideal of R generated by the elements: ma 
and ab — ba, for a,b & R. Immediately, we have ([GS, Lemma 2.1]) 

Lemma 3.1 Im^mR + R[R, R] and [R, R]R = [R, R]R. 

Let 

Rfn ■ — R/-^m 

be the quotient algebra over K which is commutative. Write a — a + Im for a & R. Note 
that if m = 2, a = —a in Rm- 

Definition 3.2 W — R2 is the direct sum of six copies of R2 and e^(a) = (0, • • • , a, • • • , 0) 

is the element ofW, of which the m-th component is a and others are zero, for 1 < m < 6. 

Let Si be the symmetric group of {1, 2, 3, 4}. 

P = {(i,i,A;,0|{i,J,A;,^} = {1,2,3,4}} 

is the set of all the quadruple with the distinct components. 6*4 has a natural transitive 
action on P given by (7((i, j, I)) — (cr(i), (7(j), (T{k), cr{l)), for any a e 5*4. 

i7 = {(l),(13),(24),(13)(24)} 

is a subgroup of S4 with [S4 : H] = 6. Then 5*4 has a partition of cosets with respect to 
H, denoted by 5*4 = Um=i '^mH. We can obtain a partition of P, P = Um=i ^m, where 
Pm = {'^mH){{l, 2, 3, 4)). We define the index map 

^:P^{1,2,3,4,5,6} 
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by 

for 1 < m < 6. 

Using the decomposition (1.18) of 5t(3, 1,-R), we take a X-basis F of st(3, 1,-R), which 
contains {Xij{r)\r e {rx}xeA: 1 < « 7^ J < 4}. Define ip-.TxT^Why 

^{Xij{r),Xki{s)) = ee((ij,fe,i))(fs) e W, 

for r, s e {r^lAeA distinct i,j, k, I and "0 = 0, otherwise. Then we obtain the X-bihnear 
map V' : st(3, 1, R) x st(3, 1,R) by hnearity. 

Recall that a Lie superalgebra over K is defined to be an Z2-graded algebra satisfying 

[X,y] = -(-iy^9{x)deg{y)^y^^^^ 

^-Ife9{^)<ie9{^)[[x^y]^z] + {-1)''''^''^'^'^^^^ [[y , z], x] + {-lf''^y^''''^'\[z,x],y] = 

and [w, w] — for the homogenous elements x,y,z & L and w e Lq. 
We now have 

Lemma 3.3 The bilinear map ip is a (super) 2-cocycle. 

Proof: A bilinear map ip is called a (super) 2-cocycle, if it is (super) skew-symmetric and 

^-I)<ie9{x)de9{z)^^^^^y^^^^^ + (-1)'^^^(^)'^^»(2'V( -s] , 2^) + (-l)'^"^(^^'^"^(^V([-2, 2^], ?/) = 

for homogenous elements x,y,z E L and ip{w, w) = for w G Lq. 

Since R2 — R/I2, ah — Ub — ha — ha and a — —a ior a,h & R. Thus the order of factors 
and ± sign don't play any role. We can follow the same arguments as in [GS, Lemma 2.3] 
for Steinberg Lie algebra st4{R) to complete the proof. □ 

Since 

yy = spanK{ip{Xij{a), Xki{h))\a, h E R and i,j, k, I are distinct} 

and 

a;(i) -|- a;(j) -|- u!{k) + a;(/) = 1 for distinct i,j, k, I, 
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we obtain a central extension of Lie superalgebra 5t(3, 1,-R), satisfying that W is the odd 
part of the kernel : 

^ (0)o e (W)i ^ 5t(3, 1, R) A st(3, 1, R) 0, (3.4) 



I.e. 



a(3, 1, R) = ((0)o © © st(3, 1, i?), (3.5) 



with bracket 



[{c,x), {c',y)] = {ip{x,y), [x,y]) 

for all x,y e st(3, 1, i?) and c, c' e W, where tt : W © st{3, 1, i?) ^ 5t(3, 1, i?) is the second 
coordinate projection map. Then, (st(3, 1, -R), tt) is a central extension of st(3, 1, i?). We will 
show that (st(3, 1, -R), tt) is the universal central extension of st(3, 1, R). To do this, we define 
a Lie superalgebra st(3, 1, i?)" to be the Lie superalgebra generated by the symbols Xlj{a), 
i ^ j,a E R and the A'-linear space W, with deg{X^j{a)) = a;(i) + a;(j) and deg('u;) = 1 for 
any w e W, satisfying the following relations: 

a I— s> Xjj''(a) is a ii'-linear mapping, (3-6) 

[Xl{a),Xl{b)] = Xi;,(a6), for distinct i,j,k, (3.7) 

[Xj,.(a), W] = 0, for distinct (3.8) 

[X!j{a),xl{b)] = 0, for distinct (3.9) 

[Xj(a),xi(6)] = 0, for distinct i,j,k, (3.10) 

[Xj^. (a) , Xf,^. (6)] = 0, for distinct i, j, k, (3.11) 

[Xl{a),xl{b)] = e0((ij,fc,,))(a6), for distinct j, k, i, I, (3.12) 

where a,b E R,l < i,j,k,l < 4. As 1 G i?, st(3, 1,/?)" is perfect. Clearly, there is a unique 
Lie superalgebra homomorphism p : 5t(3, 1, i?)* — > st(3, 1, i?) such that p(X|^(a)) = Xy(a) 
and p|w = io?. 

Remcirk 3.13: Comparing with the relations of st(m, n, R) (1.3)-(1.5), we separate the case 
[Xl{a),Xli{b)]{i ^k.i^l) into four subcases (3.9)-(3.12). 
We claim that p is actually an isomorphism. 
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Lemma 3.14 p : st(3, 1, i?)" st(3, 1, Ft) is a Lie superalgebra isomorphism. 

Proof: Let Tlj{a,b) — [Xlj{a), X'^^{b)]. Then one can easily check that for a,b e R and 
distinct k, one has 

7;«(a,6) = -(-ir»+-(^)7j,(6,a) (3.15) 
4(a6, c) = Tl{a, be) + (-1)-«+'^(^)T«,(6, ea). (3.16) 

Indeed, the proof of (3.16) is the same as the proof in [MP, Lemma 4.1]. Put t^{a,b) — 
Tlj{a, b) - tIj{1, ab) for a, 6 e i?, 2 < j < 4. Then i«(a, b) does not depend on the choice of 
j. Also, one can easily check (as in the proof of Lemma 2.15 in [GS]) that 

5t(3,i,i?)« = x«ei<,^,-<4xJ^-(i?) 

where 

E [xUrIxI{r)]\®[ E [xl{Rixi{R)]\. 

\i,j,k,l arc distinct / \l<*<i<4 J 

It then follows from (3.15) and (3.16) above that 

T« = W ® {t\R, R) © tI^{1, R) © Tf3(l, R) © Ti{l, R)) (3.17) 

where t^{R,R) is the hnear span of the elements t'^{a,b). So by Lemma 1.19, it suffices to 
show that the restriction of p to t'^{R, R) is injective. 

Now the similar argument as given in [AG, Lemma 6.18] shows that there exists a linear 
map from t{R, R) to t''(/?, R) so that t{a, b) i— >• ^"(0, b) for a,b & R. This map is the inverse 
of the restriction of p to t^{R, R). □ 

The following theorem is the main result of this section: 

Theorem 3.18 {st{3, l,i?),7r) is the universal eentral extension o/5t(3, l,i?) and hence 

//2(st(3,l,i?)) = (0)o©(>V)i. 

Proof: We imitate the method of proving the universal central extension of sU{R) in [GS]. 
Suppose that 

^ V ^ st(3, 1, R) A 5t(3, 1, i?) ^ 
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is a central extension of st{3,l,R). We must show that there exists a Lie superalgebra 
homomorphism 77 : st(3, 1, R) — > st(3, 1, i?) so that rorj — n. Thus, by Lemma 3.14, it suffices 
to show that there exists a Lie superalgebra homomorphism ^ : st(3, 1, i?)" — > st(3, 1, i?) such 

that r o ^ = TT o p. 

Using the i^-basis {rxjx^A of i?, we choose a preimage Xij{a) of -^ij(a) under t, 1 <i ^ 
j < 4, a e {r^lAeA, so that the elements Xij{a) satisfy the relations (3.6)-(3.12). For distinct 
ij,k, let 

[Xik{a),Xkj{b)] = Xij{ab) + ^(a, b) 
where //f, (a, b) e V. Take distinct i, j. A;, Z, then 



X,fe(a),[XM(c),Xi,(6)] = [X,fe(a),Xfe,(c6)]. 



But the left side is, by super- Jacobi identity, 

[X,k{a),Xki{c)],Xij{b)]]+{-l)^^^^^^ \Xki{c),[Xif,{a),Xij{b)]\ = [Xa{ac),X, 



as [Xik{a),Xij{b)] e V. Thus 

[X,,{a),X,j{cb)] = [Xa{ac),XiM- 

In particular, fj,^j{a,cb) — fj,\j{ac,b) and [Xik{a),Xkj{b)] — [Xii{a), Xij{b)]. It follows that 
IJ,^j{a,b) = fi\j{a,b) = fj,ij{a,b) which show iJ,^j{a,b) is independent of the choice of k and 
IJ,ij{c,b) = iJ,ij{l,cb), we have 



[Xik{a),Xkj{b)] = Xij{ab) + iiij{a,b). 



Taking a = 1, we have 



[Xik{i),XkM = Xij{b) + fXij{i,b). 



Now, we replace Xij{b) by Xij{b) + fj,ij{l,b). Then the elements Xij{b) still satisfy the 
relations (3.6). Moreover we have 



[xM,Xkj{b)]-XiM) 



(3.19) 
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for a,b e R and distinct i,j, k. So the elements Xij{a) satisfy (3.7). 
Next ior k ^ i,k ^ j, we have 

[X,j{a),X,j{b)] 

[X,j{a),Xik{b)],Xkj{l)] + (_i)(-W+-0-))(-«+-W) 
+ = 



(3) 



X,k{b),[X,,{a),X,j{l)] 



(3.20) 



as both [Xij{a),Xik{b)] and [X^ (a), Xfej(l)] are in V. Thus, we get the relation (3.9). 
For (3.10), taking / ^ {i,j,k} 

[X,,{a),XM] 
X,^{a),[Xu{b),Xik{l)]_ 

[Xij{a),Xu{b)], Xkj{l)] + (_i){-W+-O-)){-W+-{0) 
+ = 



(4) 



Xu{b),[Xij{a),Xik{l)] 



(3.21) 



with [Xij{a),Xii{b)], [Xij{a), Xik{l)] G V. Similarly, we have 

[Xij{a),Xkj{b)]=0 (3.22) 

for distinct k, which is the relation (3.11). 

To verify (3.12) one needs a few more steps. First, set Tij{a,b) = [Xij{a),Xji{b)]. The 
following brackets are easily checked by the super- Jacobi identity. 

[f,,{a, b),Xik{c)] = %k{abc), [T,, (a, b),Xk,{c)] = {-lY^^+^^^^Xuj{cha) 

and [T;,(a,6),XfeKc)] = 0. (3.23) 

Then we have 



[Tij{a,b),Xij{c)] 
fij{a, b), [Xik{c),Xkj{l)] 

[fij{a,b),X,kic)],XkAl)\ + [Xik{c),[Tij{a,b),Xkjil)] 
Xij{abc) + {-ir^^+^^^Xij{cba) 
Xij{abc+ {-l)''^^+''^^^cba) 



(5) 



(6) 
(3.24) 
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for a,b,c & R and distinct i, j, k, I. 
Next for distinct i,j,k,l, let 

[X,j{a),Xki{b)]^ul]{a,b) 

where z^fc](a, b) e V. 

Since one and only one between Xij{a) and Xki{b) is even, we can assume deg(Xjj(a)) = 0. 
By (3.23) and (3.24), 

2z/^](«,^) = [%,{2a),Xu{h)] = [[f,,(l,l),X,,(a)],Xfc,( 

= T,,(l,l),[X,,(a),X«(6)]] + [[7;,(l,l),Xfe,(6)],Xi,(a) 
= 

which yields 

vt{a,b)^-i^,{a,b). (3.25) 

for any distinct 1 < i, j, k,l < 4 and a,b & R. 

Thus, with the universal property of st(3, 1, i?)", we can obtain the Lie superalgebra 
homomorphism ^ : 5t(3, 1, -R)'* — > st(3, 1, i?) so that r o ^ = tt o p (as was done in the proof 
of [GS, Theorem 2.19]). □ 

Remark 3.26 If 2 is an invertible element of K, then R = 2R. Thus I2 = R and W — 
i?2 = 0. In this case, 5t(3, 1, i?) is centrally closed. 

If the characteristic of X is 2, we display the following two examples which are two 
extreme cases. 

Example 3.27 Let R be an associative commutative iT-algebra where char K = 2, then we 
have J2 = and R2 = R. Therefore H2{st{3, 1,R)) =R^. 

Example 3.28 Let K he a, field of characteristic two. R — Wk is the Weyl algebra which is 
a unital associative algebra over K generated by xi, ... ,Xk,yi, ■■■ ,yk subject to the relations 
XiXj = XjXi, yiUj = yjyi, Xiyj - yjXi = Sij. Then I2 = R, H2{st{3, 1, i?)) = and st(3, 1, R) 
is centrally closed. 

§4 Central extensions of 5t(2, 2, R) 

In this section, we compute the universal central extension st(2, 2, R) of st(2, 2, R). 
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Definition 4.1 U — Rq is the direct sum of four copies of R2 and two copies of Rq, 
Cm(fl) = (0, • ■ ■ ) fl) • • ■ ) 0) is the element ofU, of which the m-th component is a and others 
are zero, for 1 < m < 6 

Recall the set of all the quadruple with the distinct components P and the action of 
5*4 on P. H = {(1), (13), (24), (13) (24)} is the subgroup of 5*4, and P have the partition 
P = ULi^m, where P„ - (a^i/)((l, 2, 3, 4))(cf. Section 3). 

Since the index set of 5t(2, 2, R) isQ, — {1, 2} |+){3, 4}, we need to classify the subsets Pm 
of P in this partition. 

Proposition 4.2 If an element k, I) e Pm satisfies u!{i) — u!{k), then all the elements 
of Pjn have this property. 

Proof: In fact, u;{i) — uj{k) induces — uj{l). It is easy to see that it is preserved under 
the action of H. The result is obvious. □ 

One can easily see that the ones of Pm satisfying the above property are: 

{(1,3,2,4),(1,4,2,3),(2,3,1,4),(2,4,1,3)} 

and 

{(3, 1,4, 2), (3, 2, 4,1), (4, 1,3, 2), (4, 2, 3,1)}. 

We denote them by P5 and Pq respectively. Fix the index map ^ : P — > {1, 2, 3, 4, 5, 6} 
satisfying ^((1,3,2,4)) = 5, 6'((3, 1, 4, 2)) = 6. For {ij,k,l) e PsU-Pe, we always have 
ui{i) + uj{j) = 1 and uj{k) + uj{l) = 1. 

Here we single out P5 and Pg from the others. This is because for 1 < m < 4, there exist 
elements k, I) of Pm such that a;(i) +uj{j) — 0, but it is not true for P5 and Pg. 

Now we take a X-basis F of 5t(3, 1, P), which contains {Xij{r)\r e {rxjx^A, I < i j < 
4}. Define -0 : F x F ^ W by 

i^{Xij(r),Xki(s)) = sign((i,j,k,l))e0^^ij^k,i))(rs) 
for r, s e {^aIasa, {i,j, k,l) & P and ip — 0, otherwise. 
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We take the the symbols sign{{i,j, k, I)) — 1 for (i, j, k, I) e Um=i and 



1 if {i, J, k, I) = (1, 3, 2, 4), (2, 4, 1, 3), (3, 1, 4, 2), (4, 2, 3, 1) 
-1 i/ {i, j, k, I) = (1, 4, 2, 3), (2, 3, 1, 4), (3, 2, 4, 1), (4, 1, 3, 2) 



onPsU^e 

We then have 

Lemma 4.3 T/ie bilinear map is a (super) 2-cocycle. 

Proof: By the definition, one can check the (super) skew- symmetry of ip. 

In fact, if 1 < m < 4, e^(a) = — e^(a), thus the ± sign don't play any role for k, I) e 
Um=i Pm- On the other hand, 

for (i, J, A;, /) G P5 U -fe, + <^(j) = + a;(/) — 1 and the definition of sign{{i,j, k, I)). 

Moreover, t/j is skew-symmetric on st(2, 2, i?)o and it is clear that "0(7)7) = for 7 is 
contained in the fixed X-basis F of 5t(2,2,i?)o, which imphes 'ip{w,w) — 0, for any w e 
st(2,2,i?)o. 

Next, we should show J{x, y, z) = 0, where 

Jix,y,z) = {-lf^'^^'^'^'3^'^^lJ{[x,y],z) + {-lf'^^''^'^'<'^y^^{[y,z],x) + a;], 2/) 

for the homogenous elements x,y,z. According to Lemma 1.17 and Lemma 1.19, the Stein- 
berg Lie superalgebra st(2, 2, R) has the decomposition : 

5t(2, 2, i?) =t{R, R) © Ti2(l, i?) © ri3(l, R) © Ti4(l, R) 

®i<i^j<nXij{R), (4.4) 

where t(i?, R) is the fT-linear span of the elements t{a, b). 
We will show the following two possibilities: 

Case 1: Clearly, the number of elements of x,y,z belonging to the subalgebra T such 
that ■0([x, y],2;) 7^ is at most one. Thus we can suppose that x — Xij{a),y — Xki{b) and 
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z E Z. If {i,j,k,l) e Um=i -Pm, it is similar with the proof of [GS, Lemma2.3]. Therefore, 
we only should consider (i, j, k, /) ^ -^5 U -fe- Fix x — Xi^{a),y — X2i{h) and omit the other 
similar cases. By (4.4), we can assume that either z — t{c, d), where c, d E R, or z — Tij{l, c), 
where 2 < j < 4 and c G i?. Note that deg{z) = 0, ^((1,3,2,4)) = ^((2,4,1,3)) = 5 and 
sign{{l, 3, 2, 4)) — sign{{2, 4, 1, 3)) — 1. By Lemma 1.9, when z — t{a, b), we have 

J{x,y,z)) = ij{[t{c,d),X,3{a)],X2A{b)) 
= jlj(X,s((cd-dc)a),X24(b)) 



when z — 7i2(c), 



when z — Ti3(c), 



when z = Ti^i^c), 



— e5{{cd — dc)ab) = 0; 



J{x, y, z) = -^{[X,^{b),T,2{l, c)],XM) + iPm^il, c), Xi3(a)], ^24(6)) 

- ^([Ti2(l,c),X24(6)],Xi3(a)) + V(^i3(ca),X24(6)) 
= -^{X24{cb),X,s{a)) + ilj{X,s{ca),X24{b)) 



— —65(060) + 65(006) = 65(0(06 — 60)) = 0; 



J{x,y,z) = -V'([X24(6),ri3(0)],Xi3(o))+^([ri3(l,0),Xi3(o)],X24(6)) 
= + V'(Xi3(oO+ (-1)'^«+'^(^)00),X3,4(6)) 



= 65((oo — 00)6) = 0; 



J{x,y,z) = -V^([X24(6),Ti4(0)],Xi3(o))+^([Ti4(l,0),Xi3(o)],X2,4(6)) 
= V'([ri4(0),X24(6)],Xi3(o)) + V^(Xi3(oo),X24(6)) 
= -V'(X24(6o),Xi3(o)) + V'(^13(C0),X24(6)) 



= —65(600) + 65(006) = t^{cab — bca) = 0. 



Case 2: If there is none of {x, y, z} belonging to 1, the nonzero terms of J{x, y, z) must be 
il){[Xik{a),Xkj{b)\,Xki{c)) or ^([Xii(o), Xij(6)], Xw(o)), for distinct i,j,k,l and a,b,ce R. 
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If (i, j, k, I) e Um=i Prn: it IS the Same as Case 2 in the proof of [GS, Lemma 2.3]. Thus, 
it is enough to check the following two subcases. 

One is: x = Xi2{a),y = X23{b), z = X24{c), and 

J{x,y,z) = V(^i3(a6),X24(c))-V(-^i4(ac),X23(6)) 

= sign{{l, 3, 2, 4))ee((i,3,2,4))(a6c) + sign{{l, 4, 2, 3))ee((i,4,2,3))(ac6) 
= €5(0(60 — cb)) — 0. 

The other is: x = Xu{a),y — X43{b), z — X24(c), and 

J{x,y,z) = -iP{X,^{ab),X24{c)) + iP{-X23{cb),Xu{a)) 

= -sign{(l, 3, 2, 4))ee((i,3,2,4))(a&c) - sign({2, 3, 1, 4))ee((2,3,i,4))(ac6)) 
= — €5(0(60 — c6)) = 

as si^n((l, 3, 4, 2)) = 1, sign{{l, 4, 2, 3)) = sign{{2, 3, 1, 4)) = -1 and 

^((1, 3, 4, 2)) = ^((1, 4, 2, 3)) = ^((2, 3, 1, 4)) = 5 

for any a, 6, c e i?. The proof is completed. □ 

Remark 4.5 In view of the proof, for m — 5,6, the m-th coordinate doesn't need modular 

2R. In this case, ip has already become a (super) 2-cocycle. 
Since 

U — spanK{ip{Xij{a), Xki{b))\a, b & R and i,j, k, I are distinct} 

and deg{Xij{a)) = deg{Xki{b)) for distinct 1 < i,j, k,l < i, we obtain a central extension of 
Lie superalgebra 5t(2, 2, R) satisfying that U is the even part of the kernel : 



^ {U)o © (0)1 ^ st{2, 2, i?) A 5t(2, 2, i?) ^ 0, (4.6) 

i.e. 

a(2, 2, R) = ((W)o © (0)i) © st(2, 2, i?). (4.7) 
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{st{2,2, R),n) is a central extension of st{2,2,R). It is similar to the st(3, case, we 
define a Lie superalgebra 5t(2, 2, i?)" to be the Lie superalgebra generated by the symbols 
Xfj{a), a e R and the X-linear space U, with deg(X| (a)) = uj{i) + and deg(M) = for 



any u ^ U, satisfying the following relations: 

a ^ Xi/{a) is a X-linear mapping, (4-8) 

[4(a),X«,(6)] = Xliab), for distinct t,j,k, (4.9) 

[xl{a),U] = 0, for distinct (4.10) 

[4(a), 4.(6)] = 0, for distinct (4.11) 

[4(a), Xi(6)] = 0, for distinct A;, (4.12) 

[4(a), 4.(6)] = 0, for distinct i,j,k, (4.13) 

[X|j(a),4(^)] = sign{{i,j,k,l))e0((ij,k,i)){ab), for distinct (4.14) 



where a, 6 e i?,l < i, j, k,l < A. As 1 e i?, st(2, 2, i?)" is perfect. Clearly, there is a unique 
Lie superalgebra homomorphism p : st(2,2,i?)^ — > st{2,2,R) such that p{X^j{a)) = Xij{a) 
and p\u = id. 

As was done in Lemma 3.14, we have 

Lemma 4.15 p : st(2, 2, i?)" — >• st(2, 2, i?) is a Lie superalgebra isomorphism. 

Now we can state the main theorem of this section. 

Theorem 4.16 (5t(2, 2, i?), tt) is the universal central extension of st{2,2, R) and hence 

H2{5t{2,2,R))^{U)o(B{0)i. 

Proof: Suppose that 

^ V ^ st(2, 2, R) A st(2, 2,R)^0 

is a central extension of 5t(2,2,i?). We must show that there exists a Lie algebra homo- 
morphism 77 : st(2, 2, R) — > st(2, 2, R) so that r o rj — n. Thus, by Lemma 4.15, it suffices 
to show that there exists a Lie algebra homomorphism ^ : 5t(2, 2, i?)" — > st(2, 2, i?) so that 
T o ^ = n o p. 
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We choose an appropriate preimage Xij{a) of Xij{a) under r, and check them satisfying 
(4.8)-(4.14). The difference from the proof of Theorem 3.18 is to treat [Xij{a), Xki{b)], which 
is also denoted by I'llia, h). 

We first have 

Then taking 6 = 1 or c = 1, 

v%{h,a) = (-l)M'=)+'-(0)('-W+'-0-))i.^^-(a,6) = (_i){'-(fe)+'-(0){'-(fe)+'-0))j,^^-(i,o, 1) 

(4.17) 

where a,b & R and i,j,k,l are distinct. 

For 1 < m < 4, there exists an element {i,j,k,l) e Pm, such that uj{i) -\- — 0, by 
(3.24), we obtain 

2i.^(a,6)=0 (4.18) 

where a,b E R. As in the proof of Theorem 3.18, one has 

4{l2A)^0. (4.19) 

By (4.16), the equation holds for any (i, j, k, I) e \Jm=i -^m- 

On the other hand, if m = 5, 6, for all k, I) e Pm, + a;(j) = 1, then 

^^■(c(a6 - 6a), 1) = ul]{ab - ba, c) = i^,{ab + (-l)-«+'^(^)6a, c) 
= [X,,(a6+ (-l)-»+-(^')6a),Xfc,(c)] 
= ]T,,(a,6),X,,(l)],Xfc,(c) 
= 

for a, 6, c, e i?, which shows 

^fci(^o,l) = (4.20) 

for (z,j,A;,/) ePsUi^e- 
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The rest of the proof is similar to Theorem 3.18, we can obtain ^ : 5t(2, 2, R)'^ — > 
5t(2,2,i?). The only difference is that we need paying attention to the sign of the re- 
striction of ^ on W as the 5-th and 6-th coordinate component of U is Rq. Let ^(em(a)) = 
sign{{i,j,k,l))i'}^i{l,a), where sign{i,j,k,l) is defined before Lemma 4.3. It is easy to see 
that the choice of sign coincides with the (super) skew-symmetry and (4.17). Thus, the Lie 
homomorphism ijj is well defined on Li. □ 

Remark 4.20 Note that i/2(st(2, 2, R)) ^ R^® R^. Even 2 is an invertible element of K so 
that R = 2R and R2 = 0, Rq is not necessarily equal to 0. Particularly, if R is commutative, 
then Iq = R[RR] = and Rq = R. In this case, H2{st{2, 2, R)) ^ R^ which is not trivial. 

§5 Concluding remarks 

Combining Theorem 1.19, Theorem 2.1, Theorem 3.18 and Theorem 4.15, we completely 
determined H2{st{'m, n, R)) ior m + n > 3. 

Theorem 5.1 let K be a unital commutative ring and R he a unital associative K -algebra. 
Assume that R has a K-basis containing the identity element. Then 



H2{st{m,n,R)) 



which are 7^2- graded spaces. 



for m + n = 3 and m + n > 5 

(0)oe(i?i)i /orm = 3,n = l 

{Rl®Riyo®{0)i form = 2,n = 2 



It then follows from [MP] that 

Theorem 5.2 let K be a unital commutative ring and R be a unital associative K-algebra. 
Assume that R has a K-basis containing the identity element. Then 



H2{sln{R)) = < 



(i?Ci(i?))o e (0)1 form + n^3 and m + n>5 

{HCi{R))-o ® {Rl)i /orm = 3,n = l 

{R^®Rl®HCi{R))o®{0)i /orm = 2,n = 2 
where HCi{R) is the first cyclic homology group of the associative K-algebra R (See [L]). 
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